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PROJECTIVITY OF BANACH AND C∗-ALGEBRAS OF
CONTINUOUS FIELDS
DAVID CUSHING AND ZINAIDA A. LYKOVA
Abstract. We give necessary and sufficient conditions for the left projectivity
and biprojectivity of Banach algebras defined by locally trivial continuous fields of
Banach algebras. We identify projective C∗-algebras A defined by locally trivial
continuous fields U = {Ω, (At)t∈Ω,Θ} such that each C∗-algebra At has a strictly
positive element. For a commutative C∗-algebra D contained in B(H), where H
is a separable Hilbert space, we show that the condition of left projectivity of D
is equivalent to the existence of a strictly positive element in D and so to the
spectrum of D being a Lindelo¨f space.
1. Introduction
The study of projective, injective and flat modules over Banach algebras and
operator algebras has attracted quite a number mathematicians. Some recent papers
on the projectivity and injectivity of Banach modules and on their applications are
[3, 4, 6, 7, 16, 28, 24, 22]. The identification of projective algebras and projective
closed ideals of Banach algebras, besides being of independent interest, is closely
connected to continuous Hochschild cohomology. One of the main methods for
computing cohomology groups is to construct projective or injective resolutions of
the corresponding module and the algebra. In this paper we consider the question
of the left projectivity and biprojectivity of some Banach algebras A and we give
applications to the second continuous Hochschild cohomology group H2(A, X) of A
and to the strong splittability of singular extensions of A.
This paper concerns those C∗-algebras of continuous fields that are left projective.
The basic examples of C∗-algebras defined by continuous fields are the following: the
C∗-algebra C0(Ω,A) of the constant field over a Hausdorff locally compact space Ω
defined by a C∗-algebra A, and the direct sum of the C∗-algebras (Aλ)λ∈Λ, where
Λ has the discrete topology. Continuous fields of C∗-algebras were found useful
in the characterisation of exactness and nuclearity of C∗-algebras [18]. As to the
left projectivity of C∗-algebras, the following results are known. All C∗-algebras
with strictly positive elements are left and right projective, and so all separable
C∗-algebras are hereditarily projective, see [21, Theorem 2.5] and [19, Theorem
1]. No infinite-dimensional AW ∗-algebra is hereditarily projective [19, 20]. Thus
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any infinite-dimensional von Neumann algebra is not hereditarily projective. Recall
that a Banach algebra A is hereditarily projective if every closed left ideal of A is
projective in the category of left Banach A-modules. A complete description of
hereditarily projective commutative C∗-algebras C(Ω) as algebras having a heredi-
tarily paracompact spectrum is given in [11]. It is quite difficult to get a complete
description of left projective noncommutative C∗-algebras because of the richness
of C∗-algebras. On the other hand, very broad classes of C∗-algebras can be ob-
tained as C∗-algebras defined by continuous fields of very simple C∗-algebras. For
example, by [10, Theorems 10.5.2 and 10.5.4], there exists a canonical bijective cor-
respondence between the liminal C∗-algebras with Hausdorff spectrum Ω and the
continuous fields of non-zero elementary C∗-algebras over Ω.
In this paper we identify left projective C∗-algebras A defined by locally trivial
continuous fields U = {Ω, (At)t∈Ω,Θ} where the topological dimension dimΩ ≤ ℓ
and each At has a strictly positive element (Theorem 6.15). We prove also that, for
a commutative C∗-algebra D = C0(Ω) for which Ω has countable Suslin number,
the condition of left projectivity is equivalent to the existence of a strictly positive
element (Theorem 6.2), but not to the separability of D (Example 6.6).
In Section 2 we recall the classical definition of a continuous field of Banach
and C∗-algebras [10, Chapter 10]. We also recall notation and terminology used
in topology and in the homological theory of Banach algebras. In Section 3 we
prove that if U = {Ω, (At)t∈Ω,Θ} is a locally trivial continuous field of Banach
algebras such that the Banach algebra A defined by U is projective in A-mod (mod-
A, A-mod-A), then the Banach algebras Ax, x ∈ Ω, are uniformly left (right,
bi-)projective. In Section 4 we consider the situation that Ω is a disjoint union
of a family of open subsets {Wµ}, µ ∈ M, of Ω. In this case we say that U =
{Ω, (At)t∈Ω,Θ} is a disjoint union of U|Wµ, µ ∈M. We show that if A is defined by
such a U , then the left projectivity of A implies that Ω is paracompact. In Section
5 we prove that biprojectivity of the Banach algebra A defined by a locally trivial
continuous field of Banach algebras implies that Ω is discrete. We give a description
of contractible Banach algebras defined by locally trivial continuous fields of Banach
algebras. In Section 6 we give six different criteria for a commutative C∗-algebra
contained in B(H), where H is a separable Hilbert space, to be left projective
(Corollory 6.4). In the noncommutative case we also show that, for a Hausdorff
locally compact space Ω with dimΩ ≤ ℓ, for some ℓ ∈ N, and for a locally trivial
continuous field U = {Ω, (At)t∈Ω,Θ} of C∗-algebras At, t ∈ Ω, with strictly positive
elements, the following conditions are equivalent: (i) Ω is paracompact and (ii) A
defined by U is left projective and U is a disjoint union of σ-locally trivial continuous
fields of C∗-algebras (Theorem 6.15).
2. Definitions and notation
We recall some notation and terminology used in topology [9] and in the homo-
logical theory of Banach algebras [12].
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For any Banach algebra A, not necessarily unital, A+ is the Banach algebra
obtained by adjoining an identity e to A. We denote the projective tensor product
of Banach spaces by ⊗̂. The category of left Banach A-modules is denoted by A-
mod, the category of right Banach A-modules is denoted by mod-A and the category
of Banach A-bimodules is denoted by A-mod-A.
A Banach A-bimodule X is right annihilator if X · A = {x · a : a ∈ A, x ∈
X} = {0}. For a Banach space E, we will denote by E∗ the dual space of E. For a
Banach A-bimodule X , X∗ is the Banach A-bimodule dual to X with the module
multiplications given by
(a · f)(x) = f(x · a), (f · a)(x) = f(a · x) (a ∈ A, f ∈ X∗, x ∈ X).
Let K be one of the above categories of Banach modules and morphisms. If
X, Y are objects of K, the Banach space of morphisms from X to Y is denoted by
hK(X, Y ). A module P in K is called projective in K if, for each module Y in K
and each epimorphism of modules ϕ ∈ hK(Y, P ) such that ϕ has a right inverse as a
morphism of Banach spaces, there exists a morphism ψ ∈ hK(P, Y ) which is a right
inverse of ϕ.
In the category of left Banach A-modules, let X be a left Banach A-module
and let us consider the canonical morphism πX : A+⊗̂X → X : a ⊗ x 7→ a · x.
Then X is projective if and only if there is a morphism of left Banach A-modules
ρ : X → A+⊗̂X such that πX ◦ ρ = idX . Throughout the paper id denotes the
identity operator. We say that a Banach algebra A is left (right) projective if it is
projective in the category of left (right) Banach A-modules. Every unital Banach
algebra is left and right projective. We say that a Banach algebra A is biprojective
if it is a projective Banach A-bimodule.
We say that the Banach algebras Ax, x ∈ Ω, are uniformly left projective if, for
every x ∈ Ω, there is a morphism of left Banach Ax-modules
ρAx : Ax → (Ax)+⊗̂Ax
such that πAx ◦ ρAx = idAx and supx∈Ω ‖ρAx‖ <∞.
For a Banach algebra A and a Banach A-bimodule X , we define an n-cochain to
be a bounded n-linear operator from A× · · · × A into X and we denote the space
of n-cochains by Cn(A, X). For n = 0 the space C0(A, X) is defined to be X . Let
us consider the standard cohomological complex
0 −→ C0(A, X) δ0−→ . . . −→ Cn(A, X) δn−→ Cn+1(A, X) −→ . . . , (C∼(A, X))
where the coboundary operator δn is defined by
(δnf)(a1, ..., an+1) = a1 · f(a2, ..., an+1)+∑n
i=1(−1)if(a1, ..., aiai+1, ..., an+1) + (−1)n+1f(a1, ..., an) · an+1.
The nth cohomology group of the standard cohomology complex C∼(A, X), denoted
by Hn(A, X), is called the nth continuous Hochschild cohomology group of A with
coefficients in X (see, for example, [14] or [12, Definition I.3.2]). It is a complete
4 David Cushing and Zinaida A. Lykova
seminormed space. Definitions and results on the strong and algebraic splittings of
extensions of Banach algebras can be found in [4].
For a Banach algebra A and for a subset Y of a left Banach A-module X , AY
is the linear span of the set A · Y = {a · y : a ∈ A, y ∈ Y } and AY is the
closure of AY . For a Banach algebra A with bounded approximate identity, by an
extension of the Cohen factorization theorem, for every left Banach A-module X ,
AX = AX = A ·X = {a · x : a ∈ A, x ∈ X} [13, 5].
Let B be a commutative C∗-algebra and let I be a closed ideal of B. In view
of [10, 1.4.1], B is isomorphic to the C∗-algebra C0(B̂) of continuous functions on
B̂ vanishing at infinity. Here B̂ is the space of characters of B with the relative
weak-* topology from the dual space of B, called the spectrum of B. We recall
[23] that the spectrum of a closed ideal I of B is homeomorphic to the open set
Î = {t ∈ B̂ : x(t) 6= 0 for some x ∈ I}.
Let Ω be a topological space, and let n be a positive integer. We recall that
the order (or multiplicity) of a cover W of Ω is the maximum number n such that
every x ∈ Ω is covered by no more than n elements of W. For a normal topological
space Ω, we say that the topological dimension of Ω is less than or equal to n if
the following condition is satisfied: every locally finite open cover of Ω possesses an
open locally finite refinement of order n (Dowker’s Theorem [9, Theorem 7.2.4]).
We write dimΩ ≤ n.
The C∗-algebra of all complex n×n matrices is denoted by Mn(C). For a Hilbert
space H , B(H) and K(H) will denote the C∗-algebras of all continuous and all
compact linear operators on H respectively.
2.1. Continuous fields of Banach and C∗-algebras. We shall use the classical
definition of a continuous field of Banach or C∗-algebras over a locally compact
Hausdorff space Ω [10, Chapter 10].
Let Ω be a topological space, and let (Et)t∈Ω be a family of Banach spaces. Every
element of
∏
t∈ΩEt, that is, every function x defined on Ω such that x(t) ∈ Et for
each t ∈ Ω, is called a vector field over Ω.
Definition 2.1. [10, Definitions 10.1.2 and 10.3.1] A continuous field U of Banach
algebras (C∗-algebras) is a triple U = {Ω, (At)t∈Ω,Θ} where Ω is a locally compact
Hausdorff space, (At)t∈Ω is a family of Banach algebras (C
∗-algebras) and Θ is an
(involutive) subalgebra of
∏
t∈Ω At such that
(i) for every t ∈ Ω, the set of x(t) for x ∈ Θ is dense in At;
(ii) for every x ∈ Θ, the function t→ ‖x(t)‖ is continuous on Ω;
(iii) whenever x ∈ ∏t∈ΩAt and, for every t ∈ Ω and every ε > 0, there is an
x′ ∈ Θ such that ‖x(t) − x′(t)‖ ≤ ε throughout some neighbourhood of t, it
follows that x ∈ Θ.
The elements of Θ are called the continuous vector fields of U .
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Definition 2.2. [10, Definitions 10.1.3 and 10.3.1] Let Ω be a locally compact Haus-
dorff space, and let
U = {Ω, (At)t∈Ω,Θ} and U ′ = {Ω, (A′t)t∈Ω,Θ′}
be two continuous fields of Banach algebras (C∗-algebras) over Ω. An isomorphism of
U onto U ′ is a family φ = (φt)t∈Ω such that each φt is an isometric (∗-)isomorphism
of Banach algebras At onto A
′
t and φ transforms Θ into Θ
′.
Definition 2.3. [10, 10.1.6 and 10.1.7] Let U = {Ω, (At)t∈Ω,Θ} be a continuous
field of Banach algebras over a locally compact Hausdorff space Ω. Let Y ⊆ Ω and
t0 ∈ Y . A vector field x over Y is said to be continuous at t0 if, for every ε > 0,
there is an x′ ∈ Θ such that ‖x(t) − x′(t)‖ ≤ ε throughout some neighbourhood of
t0. A vector field x is said to be continuous on Y if it is continuous at every point
of Y .
Let Θ|Y be the set of continuous vector fields over Y . It is immediate that
{Y, (At)t∈Y ,Θ|Y } is a continuous field of Banach algebras over Y , which is called
the field induced by U on Y , and which is denoted by U|Y .
Example 2.4. [10, Example 10.1.4] Let A be a Banach algebra (C∗-algebra), let
Ω be a locally compact Hausdorff space, and let Θ be the (involutive) algebra of
continuous mappings of Ω into A. For every t ∈ Ω, put At = A. Then U =
{Ω, (At)t∈Ω,Θ} is a continuous field of Banach algebras (C∗-algebras) over Ω, called
the constant field over Ω defined by A. A field isomorphic to a constant field is
said to be trivial. If every point of Ω possesses a neighbourhood V such that U|V is
trivial, then U is said to be locally trivial ([10, 10.1.8]).
Example 2.5. [10, Example 10.1.5] If Ω is discrete in Definition 2.1, then Axioms
(i) and (iii) imply that Θ must be equal to
∏
t∈ΩAt.
Definition 2.6. [10, Definition 10.4.1] Let U = {Ω, (At)t∈Ω,Θ} be a continuous
field of Banach algebras (C∗-algebras) over a locally compact Hausdorff space Ω.
Let A be the set of x ∈ Θ such that ‖x(t)‖ vanishes at infinity on Ω. Then A with
‖x‖ = supt∈Ω ‖x(t)‖ is a Banach algebra (C∗-algebra) which we call the Banach
algebra (C∗-algebra) defined by U , or the algebra of sections of U , or the continuous
bundle Banach algebra (C∗-algebra).
In this paper we shall use the notation U = {Ω, At,Θ} instead of U = {Ω, (At)t∈Ω,Θ}.
Let U = {Ω, At,Θ} be a continuous field of Banach algebras (C∗-algebras) over Ω,
and let A be defined by U . Then, for every t ∈ Ω, the map τt : A → At : a 7→ a(t) is
a Banach algebra homomorphism with dense image (∗-epimorphism) and ‖τx‖ ≤ 1.
We will also consider τt+ : A+ → (At)+ : a+ λe 7→ a(t) + λet where e and et are the
adjoined identities to A and At respectively.
3. Necessary conditions for left projectivity of Banach algebras
of continuous fields
The next statement is well-known.
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Lemma 3.1. Let A be a Banach algebra such that A 6= {0} and is projective in
A-mod or in mod-A. Then A2 6= {0}.
Proof. We shall prove the statement for A in the case that A is left projective.
Since A is left projective, there exists a morphism of left Banach A-modules ρ :
A → A+⊗̂A such that πA ◦ ρ = idA, where πA : A+⊗̂A → A is the canonical
morphism. By assumption, A 6= {0} and so there exists non-zero element a ∈ A.
Suppose A2 = {0}; thus the element a2 of A is trivial and ρ(a2) = 0.
By [27, Theorem 3.6.4], the element ρ(a) from A+⊗̂A can be written as
ρ(a) =
∞∑
i=1
λi (αie+ ai)⊗ bi, for some λi, αi ∈ C, ai, bi ∈ A,
where
∑∞
i=1 |λi| <∞ and the sequences {αie+ ai}, {bi} converge to zero in A+ and
A as i→∞. Thus the equality πA ◦ ρ = idA implies
πA ◦ ρ(a) = a 6= 0
and, because A2 = {0},
a = πA
(
∞∑
i=1
λi (αie+ ai)⊗ bi
)
=
(
∞∑
i=1
λi (αie + ai)bi
)
=
∞∑
i=1
λiαibi.
Note that ρ is a morphism of left Banach A-modules; thus
ρ(a2) = a
(
∞∑
i=1
λi (αie + ai)⊗ bi
)
=
∞∑
i=1
λi (αia+ aai)⊗ bi.
Then, since A2 = {0}, we have
ρ(a2) =
∞∑
i=1
λi αia⊗ bi = a⊗
(
∞∑
i=1
λiαibi
)
= a⊗ a 6= 0.
This contradicts ρ(a2) = 0. Therefore, A2 6= {0}. 
Proposition 3.2. [12, Proposition IV.2.8] Let κ : A → B be a Banach algebra ho-
momorphism with dense image. Suppose A has a right bounded approximate identity
eν, ν ∈ Λ, and A is left projective, that is, there is a morphism of left Banach A-
modules
ρA : A → A⊗̂A
such that πA ◦ ρA = idA. Then there is a morphism of left Banach B-modules
ρB : B → B⊗̂B
such that πB ◦ ρB = idB and ‖ρB‖ ≤ ‖κ‖2‖ρA‖ supν ‖eν‖, and, in particular, the
Banach algebra B is left projective.
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Proposition 3.3. Let Ω be a locally compact Hausdorff space, let U = {Ω, Ax,Θ}
be a continuous field of Banach algebras, and let A be defined by U . Suppose A is
projective in A-mod (mod-A, A-mod-A) and has a right (left, two-sided) bounded
approximate identity. Then the Banach algebras Ax, x ∈ Ω, are uniformly left (right,
bi-)projective.
Proof. For every x ∈ Ω, τx : A → Ax is a Banach algebra homomorphism with
dense image and ‖τx‖ ≤ 1. By Proposition 3.2, there is a morphism of left Banach
Ax-modules
ρAx : Ax → Ax⊗̂Ax
such that πAx ◦ ρAx = idAx and ‖ρAx‖ ≤ ‖ρA‖ supν ‖eν‖. Therefore the left projec-
tivity of A implies the uniform left projectivity of the Banach algebras Ax, x ∈ Ω.
A similar proof works for right- and bi- projectivity. 
Corollary 3.4. Let U = {Ω, At,Θ} be a continuous field of C∗-algebras over a locally
compact Hausdorff space Ω, and let the C∗-algebra A be defined by U . Suppose A
is projective in A-mod (mod-A, A-mod-A). Then the C∗-algebras Ax, x ∈ Ω, are
uniformly left (right, bi-)projective.
Hence, for the Banach algebra A defined by a continuous field U = {Ω, At,Θ},
Proposition 3.3 shows that, under the condition of the existence of a bounded ap-
proximate identity in A, the projectivity of A implies the uniform projectivity of
the Banach algebras Ax, x ∈ Ω. In the next proposition we will show that, for the
Banach algebra A defined by a locally trivial continuous field U = {Ω, At,Θ}, we do
not need the condition of the existence of a bounded approximate identity in A to
get the uniform projectivity of the Banach algebras Ax, x ∈ Ω, from the projectivity
of A.
Lemma 3.5. Let Ω be a locally compact Hausdorff space, let U = {Ω, At,Θ} be a
locally trivial continuous field of Banach algebras Ax, and let the Banach algebra A
be defined by U . For every ay ∈ Ay there is a ∈ A such that a(y) = ay.
Proof. By [17, Theorem 5.17], Ω is regular and, by [9, Theorem 3.3.1], Ω is a Ty-
chonoff space. By assumption, U is locally trivial and so, for each y ∈ Ω, there are
open neighbourhoods Vy and Uy of y such that Vy ⊂ Uy, U|Uy is trivial and Vy is
relatively compact. For each y ∈ Ω, fix a continuous function fy ∈ C0(Ω) such that
0 ≤ fy ≤ 1, fy(y) = 1 and fy|Ω\Uy = 0. Let φ = (φx)x∈Uy be an isomorphism of
U|Uy onto the trivial continuous field of Banach algebras over Uy where, for each
y ∈ Ω, φx is an isometric isomorphism of Banach algebras. For an arbitrary element
ay ∈ Ay, define a field a to be equal to a(x) = fy(x)(φ−1x ◦ φy)(ay), x ∈ Ω. By
Property (iv) of Definition 2.1 and [10, Proposition 10.1.9], the field a is continuous
and a ∈ Θ. Since ‖a(x)‖ → 0 as x→∞, we have a ∈ A. 
Proposition 3.6. Let Ω be a locally compact Hausdorff space, let U = {Ω, At,Θ}
be a locally trivial continuous field of Banach algebras, and let the Banach algebra
A be defined by U . Suppose A is projective in A-mod (mod-A, A-mod-A). Then
the Banach algebras Ax, x ∈ Ω, are uniformly left (right, bi-)projective.
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Proof. We shall prove the statement for any A which is left projective. Since A is
left projective, there exists a morphism of left Banach A-modules ρ : A → A+⊗̂A
such that πA ◦ ρ = idA.
By assumption, U is locally trivial and so, for each y ∈ Ω, there are open neigh-
bourhoods Vy and Uy of y such that Vy ⊂ Uy, U|Uy is trivial and Vy is relatively com-
pact. For each y ∈ Ω, fix a continuous function fy ∈ C0(Ω) such that 0 ≤ fy ≤ 1,
fy(y) = 1 and fy|Ω\Uy = 0. Let φ = (φx)x∈Uy be an isomorphism of U|Uy onto the
trivial continuous field of Banach algebras over Uy where, for each y ∈ Ω, φx is
an isometric isomorphism of Banach algebras. As in Lemma 3.5, for an arbitrary
element ay ∈ Ay, we define a ∈ A to be equal to a(x) = fy(x)(φ−1x ◦ φy)(ay), x ∈ Ω.
We consider a map
ρy : Ay −→ Ay+⊗̂Ay
ay 7−→ (τy+ ⊗ τy)ρ(fyφ−1(φy(ay))).
It is easy to check that ρy is a bounded linear operator and
‖ρy‖ = sup
‖ay‖≤1
‖(τy+ ⊗ τy)ρ(fyφ−1(φy(ay))‖ ≤ ‖τy‖2‖ρ‖ = ‖ρ‖.
We shall show that ρx is a morphism of Banach left Ax-modules. Since ρ is a
morphism of Banach left A-modules, for all ax, bx ∈ Ax, we have
ρx(axbx) = (τx+ ⊗ τx)ρ(fxφ−1φx(axbx))
= ax(τx+ ⊗ τx)ρ(f
1
2
x φ
−1φx(bx))
= (τx+ ⊗ τx)ρ(fxφ−1φx(ax)f
1
2
x φ
−1φx(bx))
= ax(τx+ ⊗ τx)ρ(fxφ−1φx(bx))
= axρx(bx).
For all ax ∈ Ax,
(πAx ◦ ρx)(ax) = πAx((τx+ ⊗ τx)ρ(fxφ−1φx(ax)))
= τx(πA ◦ ρ)(fxφ−1φx(ax))
= τx(fxφ
−1φx(ax)) = ax.
Thus ρx is a morphism of Banach left Ax-modules such that πAx ◦ ρx = idAx and
‖ρx‖ ≤ ‖ρ‖. Therefore the Banach algebras Ax, x ∈ Ω, are uniformly left projective.

Proposition 3.7. Let Ω be a locally compact Hausdorff space, and let U = {Ω, At,Θ}
be either
(a) a continuous field of Banach algebras such that A defined by U has a right
bounded approximate identity; or
(b) a locally trivial continuous field of Banach algebras.
Suppose also that the Banach algebras Ax, x ∈ Ω, are not uniformly left (right)
projective. Then
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(i) there exists a Banach A-bimodule X such that H2(A, X) 6= {0}; and
(ii) there exists a strongly unsplittable singular extension of the Banach algebra A.
Proof. By Proposition 3.3 in case (a) and by Proposition 3.6 in case (b), A is not
left projective. By [12, Proposition IV.2.10(I)], a Banach algebra A is left projective
if and only if H2(A, X) = {0} for any right annihilator Banach A-bimodule X . By
[15] or [12, Theorem I.1.10], for a Banach A-bimodule X , H2(A, X) = {0} if and
only if all the singular extensions of A by X split strongly. 
Lemma 3.8. Let Ω be a locally compact Hausdorff space, let U = {Ω, At,Θ} be
a locally trivial continuous field of non-zero Banach algebras, and let the Banach
algebra A be defined by U . Suppose A is projective in A-mod or in mod-A. Then
for each x ∈ Ω, A2x 6= {0}.
Proof. It follows from Lemma 3.1 and Proposition 3.6. 
Example 3.9. Let Ω be N with the discrete topology. Consider a continuous field
of Banach algebras U = {N, At,
∏
t∈NAt} where At is the Banach algebra ℓ2t of
t-tuples of complex numbers x = (x1, . . . , xt) with pointwise multiplication and the
norm ‖x‖ = (∑ti=1 |xi|2) 12 . Let A be defined by U .
It is easy to see that, for each t ∈ N, the algebra At is biprojective. For example,
define
ρ˜t : ℓ
2
t −→ ℓ2t ⊗̂ℓ2t
(x1 . . . xt) 7−→
t∑
k=1
xke
k ⊗ ek,
where ek = (0, . . . , 1, 0, . . . , 0) ∈ ℓ2t with 1 in the k-th place. One can check that ρ˜t
is a morphism of Banach ℓ2t -bimodules such that πAt ◦ ρ˜t = idℓ2t .
Note that the algebra At has the identity eℓ2t = (1, . . . , 1) and ‖eℓ2t‖ =
√
t. Thus
supt∈N ‖eℓ2t ‖ =∞.
We will show that the algebra A is not left projective. In view of Proposition 3.6
it is enough to show that the Banach algebras At, t ∈ N, are not uniformly left
projective.
We shall estimate ‖ρt‖, t ∈ N, from below, where ρt is an arbitrary morphism
ρt : ℓ
2
t −→ ℓ2t ⊗̂ℓ2t of Banach left ℓ2t -modules which provides left projectivity of ℓ2t .
For every element ek ∈ ℓ2t ,
ρt(e
k) = ekρt(e
k) = ek ⊗ zk
for some zk ∈ ℓ2t such that ekzk = ek, since πℓ2t ◦ ρt = idℓ2t .
We consider the bounded bilinear functional V : ℓ2t × ℓ2t −→ C defined by
V(x, y) =∑tk=1 xkyk, x, y ∈ ℓ2t . Then, by the universality property of the projective
tensor product, the equation V (x⊗y) = V(x, y) uniquely defines a continuous linear
functional V : ℓ2t ⊗̂ℓ2t −→ C such that ‖V ‖ = ‖V‖ =1. Note that the value of V on
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the element
ρt
(
t∑
k=1
1
k
ek
)
=
t∑
k=1
1
k
ek ⊗ zk
is
V
(
ρt
(
t∑
k=1
1
k
ek
))
=
t∑
k=1
1
k
> log(t).
Thus, for each t ∈ N, we have
log(t) <
∣∣∣∣∣V
(
ρt
(
t∑
k=1
1
k
ek
))∣∣∣∣∣ ≤ ‖V ‖‖ρt‖‖
t∑
k=1
1
k
ek‖ℓ2t = ‖ρt‖
(
t∑
k=1
1
k2
)1/2
.
Hence
‖ρt‖ > log(t)(∑t
k=1
1
k2
)1/2 →∞
as t→∞. Therefore the Banach algebras At, t ∈ N, are not uniformly left projective
and A is not left projective.
By Proposition 3.7, there exists a Banach A-bimodule X such that H2(A, X) 6=
{0}, and there exists a strongly unsplittable singular extension of the Banach algebra
A.
4. Topological properties of Ω for left projective Banach algebras
of continuous fields over Ω
In [11, Theorem 4] Helemskii proved that a closed ideal of a commutative C∗-
algebra A is projective in A-mod if and only if its spectrum is paracompact. In this
section we consider a σ-locally trivial continuous field of (not necessarily commmu-
tative) Banach algebras U = {Ω, Ax,Θ} and prove that the left projectivity of the
Banach algebra A defined by U implies paracompactness of Ω.
Definition 4.1. A Hausdorff topological space Ω is said to be paracompact if every
open cover of Ω has an open locally finite refinement that is also a cover of Ω.
Proposition 4.2. Let Ω be a Hausdorff locally compact space, let U = {Ω, At,Θ}
be a locally trivial continuous field of Banach algebras, and let the Banach algebra
A be defined by U . For each element v ∈ A⊗̂A, the function
Fv : Ω× Ω −→ R
(s, t) 7−→ ‖(τs ⊗ τt)(v)‖As⊗̂At
satisfies the following conditions:
(i) Fv is a positive continuous function on Ω× Ω;
(ii) Fv(s, t)→ 0 as t→∞ uniformly for s ∈ Ω,
(iii) Fv(s, t)→ 0 as s→∞ uniformly for t ∈ Ω,
(iv) If there is a morphism of left Banach A-modules ρ : A → A+⊗̂A such that
πA ◦ ρ = idA, then, for a ∈ A2, Fρ(a)(s, s) ≥ ‖a(s)‖ for every s ∈ Ω.
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Proof. By [27, Theorem 3.6.4], every element v ∈ A⊗̂A can be written as
v =
∞∑
i=1
λi ai ⊗ bi,
where λi ∈ C, ai, bi ∈ A,
∑∞
i=1 |λi| < ∞ and the sequences {ai}, {bi} converge to
zero in A as i → ∞ and so the sequences {ai}, {bi} are bounded. Therefore, we
have
(4.1) Fv(s, t) = ‖(τs ⊗ τt)(v)‖As⊗̂At = ‖
∞∑
i=1
λi ai(s)⊗ bi(t)‖As⊗̂At .
(i) By assumption, U is locally trivial and so, for each (s0, t0) ∈ Ω × Ω, there is
an open neighbourhood Us0 × Vt0 of (s0, t0) such that U|Us0 and U|Vt0 are trivial.
Let φ = (φs)s∈Us0 and ψ = (ψt)t∈Vt0 be isomorphisms of U|Us0 and U|Vt0 respectively
onto the trivial continuous fields of Banach algebras over Us0 and Vt0 where φs and
ψt are isometric isomorphisms of Banach algebras As ∼= A˜s0 , s ∈ Us0 , and At ∼= A˜t0 ,
t ∈ Vt0 , respectively.
Then, for every ε > 0, there exists N ∈ N such that ∑∞i=N+1 |λi| ‖ai‖‖bi‖ < ε/4
and there is an open neighbourhood Bs0 ×Dt0 ⊂ Us0 × Vt0 of (s0, t0) such that for
all (s, t) ∈ Bs0 ×Dt0
‖(φs0 ⊗ ψt0)(τs0 ⊗ τt0)(v)− (φs ⊗ ψt)(τs ⊗ τt)(v)‖A˜s0⊗̂A˜t0
= ‖
∞∑
i=1
λi
(
φ(a¯i)(s0)⊗ ψ(b¯i)(t0)− φ(a¯i)(s)⊗ ψ(b¯i)(t)
) ‖A˜s0 ⊗̂A˜t0
≤ 2
∞∑
i=N+1
|λi| ‖ai‖‖bi‖
+ ‖
N∑
i=1
λi
(
φ(a¯i)(s0)⊗ ψ(b¯i)(t0)− φ(a¯i)(s0)⊗ ψ(b¯i)(t)
) ‖A˜s0 ⊗̂A˜t0
+ ‖
N∑
i=1
λi
(
φ(a¯i)(s0)⊗ ψ(b¯i)(t)− φ(a¯i)(s)⊗ ψ(b¯i)(t)
) ‖A˜s0 ⊗̂A˜t0
≤ 2
∞∑
i=N+1
|λi| ‖ai‖‖bi‖
+
N∑
i=1
|λi| ‖ai‖‖ψ(b¯i)(t0)− ψ(b¯i)(t)‖A˜t0
+
N∑
i=1
|λi| ‖bi‖‖φ(a¯i)(s0)− φ(a¯i)(s)‖A˜s0 < ε,
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where a¯k = ak|Us0 and b¯k = bk|Vt0 for k = 1, 2, . . . . Hence∣∣∣‖(φs0 ⊗ ψt0)(τs0 ⊗ τt0)(v)‖A˜s0⊗̂A˜t0 − ‖(φs ⊗ ψt)(τs ⊗ τt)(v)‖A˜s0⊗̂A˜t0 ∣∣∣ < ε.
Since, for each x ∈ Ω, φx and ψx are isometric isomorphisms of Banach algebras we
have ∣∣∣‖(τs0 ⊗ τt0)(v)‖As0 ⊗̂Ato − ‖(τs ⊗ τt)(v)‖As⊗̂At ∣∣∣ < ε.
Therefore Fv is a positive continuous function on Ω× Ω.
(ii) and (iii). By (4.1), we have
(4.2) Fv(s, t) = ‖
∞∑
i=1
λi ai(s)⊗ bi(t)‖As⊗̂At ≤
∞∑
i=1
|λi| ‖ai(s)‖As‖bi(t)‖At .
Recall that
∑∞
i=1 |λi| < ∞ and the sequences {ai}, {bi} converge to zero in A as
i → ∞ and so the sequences {ai}, {bi} are bounded. Hence for every ε > 0, there
exists N ∈ N such that
∞∑
i=N+1
|λi| ‖ai‖‖bi‖ < ε/2
and a compact subset K of Ω such that, for all t ∈ Ω \K,
(4.3) sup
s∈Ω
Fv(s, t) = sup
s∈Ω
(
‖
N∑
i=1
|λi| ‖ai‖‖bi(t)‖At
)
+ ε/2 < ε.
Therefore Fv(s, t) → 0 as t → ∞ uniformly for s ∈ Ω. Similar one can show that
Fv(s, t)→ 0 as s→∞ uniformly for t ∈ Ω.
(iv). Suppose there is a morphism of left Banach A-modules ρ : A → A+⊗̂A such
that πA ◦ ρ = idA. Then, for a ∈ A2, ρ(a) ∈ A⊗̂A. Note that, for every s ∈ Ω,
πAs ((τs ⊗ τs)ρ(a)) = a(s).
Thus, for every s ∈ Ω,
Fρ(a)(s, s) = ‖(τs ⊗ τs)ρ(a)‖As⊗̂As
≥ ‖πAs ((τs ⊗ τs)ρ(a))‖ = ‖a(s)‖.

We will need the following notions. Let Ω be a Hausdorff locally compact space,
and let U = {Ω, At,Θ} be a continuous field of Banach algebras. For any condition
Γ, we say that U locally satisfies condition Γ if, for every t ∈ Ω, there exists an open
neighbourhood V of t such that U|V satisfies condition Γ.
By [17, Theorem 5.17], a Hausdorff locally compact space is regular. Therefore if
U locally satisfies a condition Γ on Ω then there is an open cover {Uµ}, µ ∈ M, of
Ω such that each U|Uµ satisfies the condition Γ and, in addition, there is an open
cover {Vν} of Ω such that Vν ⊂ Uµ(ν) for each ν and some µ(ν) ∈M.
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Definition 4.3. We say that U σ-locally (n-locally) satisfies a condition Γ if there
is an open cover {Uµ}, µ ∈ M, of Ω such that each U|Uµ satisfies the condition Γ
and, in addition, there is a countable (cardinality n, respectively) open cover {Vj}
of Ω such that Vj ⊂ Uµ(j) for each j and some µ(j) ∈M.
Remark 4.4. Let Ω be a Hausdorff locally compact space, and let U = {Ω, At,Θ} be
a continuous field of Banach algebras which locally satisfies a condition Γ. Suppose
Ω is σ-compact (compact) and Ω0 is an open subset of Ω. Then U|UΩ0 σ-locally
(n-locally for some n ∈ N, respectively) satisfies the condition Γ.
Definition 4.5. Let Ω be a disjoint union of a family of open subsets {Wµ}, µ ∈M,
of Ω. We say that U = {Ω, At,Θ} is a disjoint union of U|Wµ, µ ∈M.
Remark 4.6. Let Ω be a paracompact Hausdorff locally compact space, and let
U = {Ω, At,Θ} be a continuous field of Banach algebras which locally satisfies a
condition Γ. By [9, Theorem 5.1.27 and Problem 3.8.C(b)], the space Ω is the
disjoint union of open-closed σ-compacts Gµ, µ ∈ M, of Ω. Suppose Ω0 is an open
subset of Ω. Then U|Ω0 is a disjoint union of U|Gµ∩Ω0 , µ ∈ M, σ-locally satisfying
the condition Γ.
Theorem 4.7. Let Ω be a Hausdorff locally compact space, let U = {Ω, At,Θ}
be a disjoint union of σ-locally trivial continuous fields U|Wµ, µ ∈ M, of Banach
algebras, and let the Banach algebra A be defined by U . Suppose that A is left or
right projective. Then Ω is paracompact.
Proof. By assumption, Ω is a disjoint union of the family of open subsets {Wµ},
µ ∈ M, of Ω. Let us prove that paracompactness of all Wµ, µ ∈ M, implies
paracompactness of Ω. Suppose, for every µ ∈ M, Wµ is paracompact. Let V =
{Vα} be an arbitrary open cover of Ω. For each µ ∈ M, the family Vµ = {V ∩Wµ :
V ∈ V} is an open cover of Wµ. Since Wµ is paracompact, Vµ has an open locally
finite refinement Nµ that is also a cover of Wµ. Hence V has an open locally finite
refinement N = ∪µ∈MNµ of Ω. Therefore Ω is paracompact.
Let us choose µ ∈ M and show that Wµ is paracompact. By assumption, U|Wµ is
a σ-locally trivial continuous field. By Definition 4.3, there is an open cover {Uα} of
Wµ such that each U|Uα is locally trivial and, in addition, there is a countable open
cover {Vj} of Wµ such that Vj ⊂ Uα(j) for each j.
Lemma 4.8. The paracompactness of all Vj ∩Wµ, j ∈ N, implies paracompactness
of Wµ.
Proof. Let B be an arbitrary open cover of Wµ. For each j ∈ N, the family Bj =
{B ∩ Vj ∩ Wµ : B ∈ B} is an open cover of Vj ∩ Wµ. By assumption, Vj ∩ Wµ
is paracompact and so Bj has an open locally finite refinement Dj that is also a
cover of Vj ∩Wµ. The family of open subsets D′j = {D ∩ Vj : D ∈ Dj} is locally
finite in Wµ and is a refinement of B. Furthermore, since Wµ =
⋃
j∈N Vj, the family
D = ⋃j∈ND′j is an open σ-locally finite cover of Wµ. By [17, Theorem 5.28], Wµ is
paracompact. 
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Therefore to prove Theorem 4.7 it is enough to show that, for every µ ∈ M and
j ∈ N, the topological space Vj ∩Wµ is paracompact.
Since A is left projective, there exists a morphism of left Banach A-modules
ρ : A → A+⊗̂A such that πA ◦ ρ = idA.
Recall that U|Uα(j) is locally trivial and Vj ⊂ Uα(j). By Lemma 3.8, there are
continuous vector fields x and y on Uα(j) such that p(t) = x(t)y(t) 6= 0 for every
t ∈ Uα(j).
By [9, Theorem 3.3.1], Ω is a Tychonoff space and so, for every s ∈ Vj ⊂ Uα(j),
there is fs ∈ C0(Ω) such that 0 ≤ fs ≤ 1, fs(s) = 1 and fs(t) = 0 for all t ∈
Ω \ Uα(j). By Property (iv) of Definition 2.1 and [10, Proposition 10.1.9], the field
fp is continuous and ‖f(t)p(t)‖ → 0 as t → ∞, we have fp ∈ A. For every
s ∈ Vj ⊂ Uα(j) and t ∈ Ω, we set
Φ(s, t) = Fρ(fsp)(s, t)
where the function F is defined in Proposition 4.2.
Lemma 4.9. The function Φ is well defined.
Proof. Recall that ρ is a morphism of left Banach A-modules. Thus, for every
s ∈ Vj ⊂ Uα(j) and every fs, gs ∈ C0(Ω) such that 0 ≤ fs, gs ≤ 1, fs(s) = gs(s) = 1
and fs(t) = gs(t) = 0 for all t ∈ Ω \ Uα(j), we have, for t ∈ Ω,
Fρ(fs p)(s, t) = ‖(τs ⊗ τt)ρ(fs p)‖As⊗̂At
= ‖
√
fs(s)x(s)(τs ⊗ τt)ρ(
√
fs y)‖As⊗̂At
= ‖(τs ⊗ τt)ρ(√gs
√
fs xy)‖As⊗̂At
= ‖
√
fs(s)x(s)(τs ⊗ τt)ρ(√gs y)‖As⊗̂At
= ‖(τs ⊗ τt)ρ(√gs p)‖As⊗̂At
= ‖(τs ⊗ τt)ρ(gs p)‖As⊗̂At = Fρ(gsp)(s, t).
Therefore Φ does not depend on the choice of fs. 
Lemma 4.10. The function Φ is a continuous function on
(
Vj ∩Wµ
)× Ω.
Proof. Let (s0, t0) ∈
(
Vj ∩Wµ
)×Ω and fs0 ∈ C0(Ω) such that 0 ≤ fs0 ≤ 1, fs0(s0) =
1 and fs0(t) = 0 for all t ∈ Ω \ Uα(j). Consider a neighbourhood V = U × Ω of the
point (s0, t0) where U = {s ∈ Vj ∩Wµ : fs0(s) 6= 0}. Then, for (s, t) ∈ V ,
Φ(s, t) = F
ρ
(
fs0
fs0 (s)
p
)(s, t)
= ‖(τs ⊗ τt)ρ
(
fs0
fs0(s)
p
)
‖
As⊗̂At
=
1
fs0(s)
‖(τs ⊗ τt)ρ(fs0 p)‖As⊗̂At
=
1
fs0(s)
Fρ(fs0 p)(s, t).
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Hence Φ is the ratio of two continuous functions on V , so it is continuous at (s0, t0).

Lemma 4.11. For every compact K ⊂ Vj ∩Wµ, the function Φ(s, t)→ 0 as t→∞
in Ω uniformly for s ∈ K.
Proof. By [9, Theorem 3.1.7], since Ω is a Tychonoff space, for a compact subset
K ⊂ (Vj ∩Wµ) ⊂ Ω and for a closed subset Ω \ Uα(j) ⊂ Ω \K, there is fK ∈ C0(Ω)
such that 0 ≤ fK ≤ 1, fK(s) = 1 for all s ∈ K and fK(t) = 0 for all t ∈ Ω \ Uα(j).
Note that fKp ∈ A.
By Proposition 4.2, the function Fρ(fK p)(s, t) → 0 as t → ∞ in Ω uniformly for
s ∈ Ω. Thus the function Φ(s, t) = Fρ(fKp)(s, t) on K ×Ω ⊂
(
Vj ∩Wµ
)×Ω tends to
0 as t→∞ in Ω uniformly for s ∈ K. 
Now let us complete the proof of Theorem 4.7. For (s, t) ∈ (Vj ∩Wµ)×(Vj ∩Wµ),
we set
E(s, t) = Φ(s, t)/‖p(s)‖.
By Proposition 4.2, E(s, s) ≥ 1 for every s ∈ Vj ∩ Wµ. For (s, t) ∈
(
Vj ∩Wµ
) ×(
Vj ∩Wµ
)
, we also set
G(s, t) = min{E(s, t); 1}min{E(t, s); 1}.
By Lemmas 4.9, 4.10 and 4.11, the function G(s, t) has the following properties:
(i) G is a positive continuous function on
(
Vj ∩Wµ
)× (Vj ∩Wµ);
(ii) for any compact K ⊂ Vj ∩Wµ, G(s, t) → 0 as t → ∞ uniformly for s ∈ K
and G(s, t)→ 0 as s→∞ uniformly for t ∈ K,
(iii) G(s, s) = 1.
By [12, Theorem A.12, Appendix A], Vj∩Wµ is paracompact. By Lemma 4.8, {Wµ}
is paracompact. Recall that Ω is a disjoint union of the family of open subsets {Wµ},
µ ∈M. Thus Ω is paracompact too. 
Theorem 4.12. Let Ω be a Hausdorff locally compact space, let U = {Ω, At,Θ} be
a locally trivial continuous field of Banach algebras, and let the Banach algebra A
be defined by U . Suppose that A is left or right projective and there is a continuous
field p ∈ Θ2 such that p(t) 6= 0 for all t ∈ Ω and sups∈Ω ‖p(s)‖ < ∞. Then Ω is
paracompact.
Proof. We may assume that ‖p(s)‖ = 1 for all s ∈ Ω. By [9, Theorem 3.3.1], Ω is a
Tychonoff space and so, for every s ∈ Ω, there is fs ∈ C0(Ω) such that 0 ≤ fs ≤ 1,
fs(s) = 1. By [10, Proposition 10.1.9 (ii)], for every f ∈ C0(Ω) such that 0 ≤ fs ≤ 1,
the field fp ∈ Θ2. Since f(t)→ 0 as t→∞, we have also fp ∈ A2. For every s ∈ Ω
and t ∈ Ω, we set
Φ(s, t) = Fρ(fsp)(s, t)
where the function F is defined in Proposition 4.2.
Lemma 4.13. The function Φ is well defined.
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Proof. Recall that ρ is a morphism of left Banach A-modules. Since √fsp ∈ A2, it
can be written as √
fsp = lim
ν
nν∑
kν=1
xkνykν .
Thus, for every s ∈ Ω and every fs, gs ∈ C0(Ω) such that 0 ≤ fs, gs ≤ 1, fs(s) =
gs(s) = 1, we have, for t ∈ Ω,
Fρ(fs p)(s, t) = ‖(τs ⊗ τt)ρ(fs p)‖As⊗̂At
= ‖ lim
ν
nν∑
kν=1
√
fs(s)xkν (τs ⊗ τt)ρ(ykν)‖As⊗̂At
= ‖ lim
ν
nν∑
kν=1
xkν (τs ⊗ τt)ρ(ykν )‖As⊗̂At
= ‖(τs ⊗ τt)ρ(√gs
√
fs p)‖As⊗̂At
= ‖(τs ⊗ τt)ρ(√gs p)‖As⊗̂At
= ‖(τs ⊗ τt)ρ(gs p)‖As⊗̂At = Fρ(gsp)(s, t).
Therefore Φ does not depend on the choice of fs. 
Lemma 4.14. The function Φ is a continuous function on Ω× Ω.
Proof. Let (s0, t0) ∈ Ω× Ω and fs0 ∈ C0(Ω) such that 0 ≤ fs0 ≤ 1 and fs0(s0) = 1.
Consider a neighbourhood V = U × Ω of the point (s0, t0) where U = {s ∈ Ω :
fs0(s) 6= 0}. Then, as in Lemma 4.10, for (s, t) ∈ V ,
Φ(s, t) =
1
fs0(s)
Fρ(fs0 p)(s, t).
Hence Φ is the ratio of two continuous functions on V , so it is continuous at (s0, t0).

Lemma 4.15. For every compact K ⊂ Ω, the function Φ(s, t)→ 0 as t→∞ in Ω
uniformly for s ∈ K.
Proof. By [9, Theorem 3.1.7], since Ω is a Tychonoff space, for a compact subset
K ⊂ Ω, there is fK ∈ C0(Ω) such that 0 ≤ fK ≤ 1, fK(s) = 1 for all s ∈ K. Note
that fKp ∈ A.
By Proposition 4.2, the function Fρ(fK p)(s, t) → 0 as t → ∞ in Ω uniformly for
s ∈ Ω. Thus the function Φ(s, t) = Fρ(fKp)(s, t) on K × Ω ⊂ Ω × Ω tends to 0 as
t→∞ in Ω uniformly for s ∈ K. 
By Proposition 4.2, Φ(s, s) ≥ 1 for every s ∈ Ω. For (s, t) ∈ Ω× Ω, we also set
G(s, t) = min{Φ(s, t); 1}min{Φ(t, s); 1}.
By Lemmas 4.13, 4.14 and 4.15, the function G(s, t) has the following properties:
(i) G is a positive continuous function on Ω× Ω;
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(ii) for any compact K ⊂ Ω, G(s, t) → 0 as t → ∞ uniformly for s ∈ K and
G(s, t)→ 0 as s→∞ uniformly for t ∈ K,
(iii) G(s, s) = 1.
By [12, Theorem A.12, Appendix A], Ω is paracompact. 
Proposition 4.16. Let Ω be a locally compact Hausdorff space, and let U = {Ω, At,Θ}
be either
(a) a disjoint union of σ-locally trivial continuous fields U|Wµ, µ ∈M, of Banach
algebras; or
(b) a locally trivial continuous field of Banach algebras such that there is a con-
tinuous field p ∈ Θ2 with p(t) 6= 0 for all t ∈ Ω and sups∈Ω ‖p(s)‖ <∞.
Suppose Ω is not paracompact. Then, for the Banach algebra A defined by U ,
(i) there exists a Banach A-bimodule X such that H2(A, X) 6= {0}; and
(ii) there exists a strongly unsplittable singular extension of the Banach algebra A.
Proof. By Theorem 4.7 in case (a) and by Theorem 4.12 in case (b), A is not left
(right) projective. By [12, Proposition IV.2.10(I)], a Banach algebra A is left pro-
jective if and only if H2(A, X) = {0} for any right annihilator Banach A-bimodule
X . By [15] or [12, Theorem I.1.10], for a Banach A-bimodule X , H2(A, X) = {0}
if and only if all the singular extensions of A by X split strongly. 
Corollary 4.17. Let Ω be a locally compact Hausdorff space, let U = {Ω, At,Θ} be a
locally trivial continuous field of Banach algebras such that every At has an identity
eAt, t ∈ Ω, and supt∈Ω ‖eAt‖ ≤ C for some constant C ≥ 1, and let the Banach
algebra A be defined by U . Suppose A is left projective. Then Ω is paracompact.
Proof. Consider a field p ∈ ∏t∈Ω such that p(t) = eAt . By assumption, U =
{Ω, At,Θ} is a locally trivial continuous field of Banach algebras. Thus, for ev-
ery t ∈ Ω, there exist a neighbourhood Ut of t and p′ ∈ Θ such that p(s) = p′(s) for
each s ∈ Ut. By Property (iv) of Definition 2.1, the field p is continuous and p ∈ Θ.
Since A is left projective, by Theorem 4.12, Ω is paracompact. 
For any index set Λ, we shall mean by N(Λ) the set of finite subsets of Λ ordered
by inclusion.
Proposition 4.18. Let Ω be a locally compact Hausdorff space, let U = {Ω, At,Θ}
be a locally trivial continuous field of Banach algebras such that every At has an
identity eAt and supt∈Ω ‖eAt‖ ≤ C for some constant C, and let the Banach algebra
A be defined by U . Suppose Ω is paracompact. Then A is left projective.
Proof. By [11, Lemma 2.1], for any paracompact locally compact space Ω there
exists an open cover {Uµ}µ∈Λ by relatively compact sets such that each point in
Ω has a neighbourhood which intersects no more than three sets in {Uµ}µ∈Λ. By
assumption, Ω is paracompact and so, by [9, Theorem 5.1.5], Ω is normal. By [17,
Problem 5.W], since {Uµ}µ∈Λ is a locally finite open cover of the normal space Ω,
it is possible to select a non-negative continuous function gµ for each Uµ in U such
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that gµ is 0 outside Uµ and is everywhere less than or equal to one, and∑
µ∈Λ
gµ(s) = 1 for all s ∈ Ω.
In Corollary 4.17 we showed that a field p ∈ ∏t∈Ω At such that p(t) = eAt is
continuous and p ∈ Θ. Note that supt∈Ω ‖p(t)‖ ≤ C. By [10, Proposition 10.1.9
(ii)], for every µ, gµp ∈ Θ. Since gµ(t)→ 0 as t→∞, we have gµp ∈ A.
For a ∈ A and λ ∈ N(Λ), define
ua,λ =
∑
µ∈λ
a
√
gµ ⊗√gµp.
As in [11] we shall show that, for any a ∈ A, the net ua,λ converges in A⊗̂A. Note
that any compact K ⊂ Ω intersects only a finite number of sets in the locally finite
covering {Uµ}µ∈Λ and, for any a ∈ A, ‖a(t)‖ → 0 as t→∞. Let ε > 0. There is a
finite set λ ∈ N(Λ) such that for µ 6∈ λ we have ∥∥a√gµp∥∥A < ε18C .
For λ 4 λ′, λ′′ we have
‖ua,λ′′ − ua,λ′‖A⊗̂A = ‖ua,λ′′\λ + ua,λ − ua,λ′\λ − ua,λ‖A⊗̂A
≤ ‖ua,λ′′\λ‖A⊗̂A + ‖ua,λ′\λ‖A⊗̂A.
By [12, Theorem II.2.44], for any λ˜ = {µ1, . . . , µm},
‖ua,λ˜‖A⊗̂A =
∥∥∥∥∥∥
∑
µ∈λ˜
a
√
gµ ⊗√gµp
∥∥∥∥∥∥
A
≤ 1
m
m∑
l=1
∥∥∥∥∥
m∑
p=1
ξlpa
√
gµp
∥∥∥∥∥
A
×
∥∥∥∥∥
m∑
q=1
n˜∑
j=1
ξ−lq
√
gµqp
∥∥∥∥∥
A
where ξ is a primary m-th root of 1 in C.
For any s ∈ Ω, there are no more than 3 nonzero terms in the equality∑µ∈Λ gµ(s) =
1. Therefore we have∥∥∥∥∥
m∑
p=1
ξlpa
√
gµp
∥∥∥∥∥
A
= sup
s∈Ω
∥∥∥∥∥
m∑
p=1
ξlpa(s)
√
gµp(s)
∥∥∥∥∥
A
≤ 3 max
1≤p≤m
∥∥a√gµp∥∥A .
Hence
‖ua,λ′′\λ‖A⊗̂A ≤ 9max
µ6∈λ
∥∥a√gµ∥∥Amaxµ6∈λ ∥∥√gµp∥∥A ≤ ε2 .
Let us define ρ : A → A⊗̂A by setting, for every a ∈ A,
ρ(a) = lim
λ
ua,λ.
Thus, in view of the completeness of A⊗̂A, the map ρ is well defined and it is clear
from the definition that ρ is a morphism of left Banach A-modules with ‖ρ‖ ≤ 9C.
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For every a ∈ A,
(πA ◦ ρ)(a) = lim
λ
∑
µ∈λ
agµp
= lim
λ
∑
µ∈λ
agµ = a.
Thus πA ◦ ρ = idA. Therefore A is left projective. 
Theorem 4.19. Let Ω be a Hausdorff locally compact space, let U = {Ω, At,Θ} be a
locally trivial continuous field of Banach algebras such that every At has an identity
eAt, t ∈ Ω, and supt∈Ω ‖eAt‖ ≤ C for some constant C, and let the Banach algebra
A be defined by U . Then the following conditions are equivalent:
(i) Ω is paracompact;
(ii) A is left projective;
(iii) A is left projective and U is a disjoint union of σ-locally trivial continuous
fields of Banach algebras;
(iv) H2(A, X) = {0} for any right annihilator Banach A-bimodule X.
Proof. By Proposition 4.18, the fact that Ω is paracompact implies left projectivity
of A. Thus (i) =⇒ (ii). By Corollary 4.17, the left projectivity of A implies that Ω
is paracompact. Hence (ii) =⇒ (i).
By Remark 4.6, if Ω is paracompact, then U is a disjoint union of σ-locally triv-
ial continuous fields of Banach algebras. By Theorem 4.7, conditions (iii) implies
paracompactness of Ω. Thus (i) ⇐⇒ (iii).
By [12, Proposition IV.2.10(I)], A is left projective if and only if H2(A, X) = {0}
for any right annihilator Banach A-bimodule X and so (ii) ⇐⇒ (iv). 
5. Biprojectivity of Banach algebras of continuous fields
Let (Aλ)λ∈Λ be a family of C
∗-algebras. Let A be the set of
x = (xλ) ∈
∏
λ∈Λ
Aλ
such that, for every ε > 0, ‖xλ‖ < ε except for finitely many λ. Let ‖x‖ =
supλ∈Λ ‖xλ‖; then A with ‖ · ‖ is a C∗-algebra and is called the direct sum or the
bounded product of the C∗-algebras (Aλ)λ∈Λ.
Recall Selivanov’s result [25] that any biprojective C∗-algebra is the direct sum
of C∗-algebras of the type Mn(C). Another proof of this result is given in [20,
Theorem 5.4]. Therefore one can see that biprojective C∗-algebras can be described
as C∗-algebras A defined by a continuous field U = {Λ, Ax,
∏
x∈ΛAx} where Λ has
the discrete topology and the C∗-algebras Ax, x ∈ Λ, are of the type Mn(C).
Theorem 5.1. Let Ω be a Hausdorff locally compact space, let U = {Ω, Ax,Θ} be
a locally trivial continuous field of Banach algebras, and let the Banach algebra A
be defined by U . Suppose that A is biprojective. Then (i) the Banach algebras Ax,
x ∈ Ω, are uniformly biprojective and (ii) Ω is discrete.
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Proof. (i) By Proposition 3.6, the Banach algebras Ax, x ∈ Ω, are uniformly bipro-
jective.
(ii) Since A is biprojective, there exists a morphism of Banach A-bimodules ρ :
A → A⊗̂A such that πA ◦ ρ = idA.
By [17, Theorem 5.17], a Hausdorff locally compact space is regular. Therefore,
since U is locally trivial on Ω, there is an open cover {Uµ}, µ ∈ M, of Ω such that
each U|Uµ is trivial and, in addition, there is an open cover {Vα} of Ω such that
Vα ⊂ Uµ(α) for each ν and some µ(α) ∈M.
Let us show that, for every α, Vα is discrete. By Lemma 3.8, there are continuous
vector fields x and y on Uµ(α) such that p(t) = x(t)y(t) 6= 0 for every t ∈ Uµ(α).
By [9, Theorem 3.3.1], Ω is a Tychonoff space and so, for every s ∈ Vα, there is
fs ∈ C0(Ω) such that 0 ≤ fs ≤ 1, fs(s) = 1 and fs(t) = 0 for all t ∈ Ω \ Uµ(α). Note
that fsp ∈ A. For every s ∈ Vα and t ∈ Ω, we set
Φ(s, t) = Fρ(fsp)(s, t)/‖p(s)‖,
where the function F is defined in Proposition 4.2. By Proposition 4.2, Φ(s, s) ≥ 1
for every s ∈ Vα.
As in Lemmas 4.9 and 4.10, the function Φ(s, t) is a positive continuous function
on Vα × Ω and does not depend on the choice of fs.
Further, for every s, t ∈ Vα such that s 6= t, there is g ∈ C0(Ω) such that 0 ≤ g ≤ 1,
g(s) = 1 and g(t) = 0. Since ρ is a morphism of Banach A-bimodules, we have
Φ(s, t) = Fρ(g fs p)(s, t)/‖p(s)‖
= ‖(τs ⊗ τt)ρ(fs xg y)‖As⊗̂At/‖p(s)‖
= ‖(τs ⊗ τt)ρ(fs x g y)‖As⊗̂At/‖p(s)‖
= ‖(τs ⊗ τt)ρ(fs x)g(t) y(t)‖As⊗̂At/‖p(s)‖ = 0.
Therefore, Φ(s, t) = 0 for every s, t ∈ Vα such that s 6= t, and Φ(s, s) ≥ 1 for every
s ∈ Vα. Because Φ(s, t) is a positive continuous function on Vα × Vα, this implies
that Vα is discrete.
Recall that Ω =
⋃
α Vα where, for each α, Vα is an open subset of Ω. Thus Ω is
discrete too. 
A Banach algebra A is said to be contractible if A+ is projective in the category
of A-bimodules. A Banach algebra A is contractible if and only if A is biprojective
and has an identity [12, Def. IV.5.8].
Theorem 5.2. Let Ω be a Hausdorff locally compact space, let U = {Ω, Ax,Θ} be a
locally trivial continuous field of Banach algebras, and let the Banach algebra A be
defined by U . Then the following conditions are equivalent:
(i) A is contractible;
(ii) Ω is finite and discrete, and the Banach algebras Ax, x ∈ Ω, are contractible;
(iii) Hn(A, X) = {0} for any Banach A-bimodule X and all n ≥ 1.
Proof. A finite direct sum of contractible Banach algebras is contractible and so
(ii) =⇒ (i). By Theorem 5.1, if A is contractible then the Banach algebras Ax,
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x ∈ Ω, are uniformly biprojective and Ω is discrete. Since A has an identity e and
so ‖e(t)‖ ≥ 1, for all t ∈ Ω, we have that Ω is compact. Thus (i) =⇒ (ii).
By [12, Proposition IV.5.8], A is contractible if and only if Hn(A, X) = {0} for
all Banach A-bimodule X and all n ≥ 1, and so (i) ⇐⇒ (iii). 
In [24, Examples 4.4 and 4.5] there are descriptions of some biprojective Banach
algebras A with very simple morphisms of A-bimodules ρ : A → A⊗̂A. We will
use these algebras to constract examples of biprojective Banach algebras defined by
continuous fields of Banach algebras over a discrete topological space.
Example 5.3. Let Ω be a topological space with the discrete topology. For every
t ∈ Ω, let Et be an arbitrary Banach space of dimension dimEt > 1. Take a
continuous linear functional ft ∈ E∗t , ‖ft‖ = 1 and define on Et the structure of
a Banach algebra Aft(Et) with multiplication given by ab = ft(a)b, a, b ∈ Aft(Et).
Choose et ∈ Et such that ft(et) = 1 and ‖et‖ ≤ 2. Then et is a left identity of
Aft(Et). Consider the operator ρt : Aft(Et)→ Aft(Et)⊗̂Aft(Et) defined a 7→ et ⊗ a.
It is easy to check that ρt is an Aft(Et)-bimodule morphism, ‖ρt‖ ≤ ‖et‖ ≤ 2 and
πAft (Et) ◦ ρt = idAft (Et), and so Aft(Et) is a biprojective Banach algebra.
Consider the continuous field of Banach algebras U = {Ω, At,Θ} where At is the
Banach algebra Aft(Et) with ft ∈ E∗t , ‖ft‖ = 1. Let gt be a continuous function on
Ω such that gt(t) = 1 and gt(s) = 0 for all s 6= t. Since Ω has the discrete topology,
by Example 2.5, Θ =
∏
t∈ΩAt, and so the field etgt such that (etgt)(s) = 0 for all
s 6= t and (etgt)(t) = et belongs to the Banach algebra A defined by U . Let N(Ω) be
the set of finite subsets of Ω ordered by inclusion. For a ∈ A and λ ∈ N(Ω), define
ua,λ =
∑
t∈λ
etgt ⊗ gta.
By assumption, supt∈Ω ‖et‖ ≤ 2. As in Proposition 4.18, one can show that, for any
a ∈ A, the net ua,λ converges in A⊗̂A. Let us define ρ : A → A⊗̂A by setting, for
every a ∈ A,
ρ(a) = lim
λ
∑
t∈λ
gtet ⊗ gta.
It is easy to check that ρ is a morphism of Banach A-bimodules and ‖ρ‖ ≤ 2. For
every a ∈ A,
(πA ◦ ρ)(a) = lim
λ
∑
t∈λ
etgta = lim
λ
∑
t∈λ
agt = a.
Thus πA ◦ ρ = idA. Therefore A is biprojective.
By [12, Theorem V.2.28], since A is biprojective, Hn(A, X) = {0} for all Banach
A-bimodule X and all n ≥ 3. By [26, Theorem 6], since A is biprojective and
has a left bounded approximate identity, Hn(A, X∗) = {0} for all dual Banach
A-bimodule X∗ and all n ≥ 2.
Example 5.4. Let Ω be a topological space with the discrete topology. For every
t ∈ Ω, let (Et, Ft, 〈·, ·〉t) be a pair of Banach spaces with a non-degenerate continuous
bilinear form 〈x, y〉t, x ∈ Et, y ∈ Ft, with ‖〈·, ·〉t‖ ≤ 1. The tensor algebra Et⊗̂Ft
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generated by the duality 〈·, ·〉t can be constracted on the Banach space Et⊗̂Ft where
the multiplication is defined by the formula
(x1 ⊗ y1)(x2 ⊗ y2) = 〈x2, y1〉tx1 ⊗ y2, xi ∈ Et, yi ∈ Ft.
Choose x0t ∈ Et, y0t ∈ Ft such that 〈x0t , y0t 〉t = 1, ‖y0t ‖ = 1 and ‖x0t‖ ≤ 2.
Consider the operator ρt : Et⊗̂Ft → (Et⊗̂Ft)⊗̂(Et⊗̂Ft) defined x⊗y 7→ (x⊗y0t )⊗
(x0t ⊗y), x ∈ Et, y ∈ Ft. It is easy to check that ρt is an Et⊗̂Ft-bimodule morphism,
‖ρt‖ ≤ 2 and πEt⊗̂Ft ◦ ρt = idEt⊗̂Ft, and so Et⊗̂Ft is a biprojective Banach algebra.
Consider the continuous field of Banach algebras U = {Ω, At,Θ} where At is the
Banach algebra Et⊗̂Ft with ‖〈·, ·〉t‖ ≤ 1. Let A be the Banach algebra defined by
U . Let gt be a continuous function on Ω such that gt(t) = 1 and gt(s) = 0 for all
s 6= t.
Since Ω has the discrete topology, by Example 2.5, Θ =
∏
t∈ΩAt, and so, for every
t ∈ Ω and every xt ⊗ yt ∈ Et⊗̂Ft, the field gtxt ⊗ yt, such that (gtxt ⊗ yt)(s) = 0 for
all s 6= t and (gtxt ⊗ yt)(t) = xt ⊗ yt belongs to A. Let N(Ω) be the set of finite
subsets of Ω ordered by inclusion. For every t ∈ Ω, choose x0t ∈ Et, y0t ∈ Ft such that
〈x0t , y0t 〉t = 1, ‖y0t ‖ = 1 and ‖x0t‖ ≤ 2. For a = {x(t)⊗ y(t)}t∈Ω ∈ A, and λ ∈ N(Ω),
define
ua,λ =
∑
t∈λ
(gtx(t)⊗ y0t )⊗ (gtx0t ⊗ y(t)).
As in Proposition 4.18, one can show that, for any a ∈ A, the net ua,λ converges in
A⊗̂A. Let us define ρ : A → A⊗̂A by setting, for every a ∈ A,
ρ(a) = lim
λ
∑
t∈λ
(gtx(t)⊗ y0t )⊗ (gtx0t ⊗ y(t)).
It is easy to check that ρ is a morphism of Banach A-bimodules and ‖ρ‖ ≤ 2. For
every a ∈ A,
(πA ◦ ρ)(a) = lim
λ
∑
t∈λ
gt(x(t)⊗ y0t )(x0t ⊗ y(t)) = lim
λ
∑
t∈λ
gt 〈x0t , y0t 〉t (x(t)⊗ y(t)) = a.
Thus πA ◦ ρ = idA. Therefore A is biprojective.
By [12, Theorem V.2.28], since A is biprojective, Hn(A, X) = {0} for all Banach
A-bimodule X and all n ≥ 3.
6. Left projectivity of C∗-algebras of some continuous fields
In [19] we proved that every separable C∗-algebra A and every closed left ideal of
A are left projective. It is well-known that if A is separable, then A has a strictly
positive element [1]. Indeed, if {yn} is dense in A, then {xn = y∗nyn} is dense in
A+ = {x ∈ A : x ≥ 0}. Clearly x = ∑∞n=1 xn2n||xn|| is strictly positive in A. By [1,
Theorem 1], a C∗-algebra A contains a strictly positive element if and only if A
has a countable increasing abelian approximate identity ei, i = 1, 2, . . . , bounded
by one. By [21, Theorem 2.5] or [19, Theorem 1], a C∗-algebra A with a countable
increasing abelian approximate identity is left and right projective. For C∗-algebras
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A, the relations between the separability, the existense of a strictly positive element
in A and the left projectivity of A can be summarised thus:
{A is separable} ( {A has a strictly positive element } ( {A is left projective}.
For commutative C∗-algebras A, that is, A = C0(Â) where the spectrum Â is a
Hausdorff locally compact space, we have the following relations
(6.1)
A is separable =⇒6⇐=
A has a strictly
positive element
=⇒
6⇐= A is left projective
m m m
Â is
metrizable and has
a countable base
=⇒
6⇐= Â is σ-compact
=⇒
6⇐= Â is paracompact.
Remark 6.1. (i) A Hausdorff locally compact space Ω may be σ-compact without
having a countable base for its topology, so A = C0(Ω) may have a strictly positive
element without being separable.
(ii) There are paracompact spaces which are not σ-compact. For example, any
metrizable space is paracompact, but is not always σ-compact. The simple example
A = C0(R) where R is endowed with the discrete topology is a left projective
C∗-algebra without strictly positive elements.
We will prove in Theorem 6.2 that, for a commutative C∗-algebra A for which Â
has countable Suslin number, the condition of left projectivity is equivalent to the
existence of a strictly positive element, but not to the separability of A; see Example
6.6.
In this section we also show that the class of left projective C∗-algebras includes
noncommutative C∗-algebras defined by some continuous fields (Theorem 6.12).
The smallest cardinal number m ≥ ℵ0 such that every family of non-empty open,
pairwise disjoint subsets of a topological space Ω has cardinality ≤ m is called the
Suslin number of Ω and it is denoted by c(Ω). The topological space Ω satisfies the
Suslin condition if c(Ω) = ℵ0. A topological space Ω is called a Lindelo¨f space if
each open cover of Ω has a countable subcover.
Theorem 6.2. Let A be a commutative C∗-algebra, so that A = C0(Â), and let Â
satisfy the Suslin condition. Then the following are equivalent:
(i) A is projective in A-mod;
(ii) the spectrum Â of A is paracompact;
(iii) A contains a strictly positive element;
(iv) the spectrum Â is σ-compact;
(v) Â is a Lindelo¨f space;
(vi) A has a sequential approximate identity bounded by one;
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(vii) H2(A, X) = {0} for any right annihilator Banach A-bimodule X.
Proof. If the Suslin number of the topological space Ω is ℵ0 then, by [9, Theorems
5.1.2, 5.1.25 and Exercise 3.8.C(b)], Ω is paracompact if and only if Ω is σ-compact
if and only if Ω is a Lindelo¨f space. Thus (ii) ⇐⇒ (iv) ⇐⇒ (v). By [1], C0(Ω)
contains a strictly positive element if and only if Ω is σ-compact and so (iii) ⇐⇒
(iv). By [11, Theorem 4], a commutative C∗-algebra A is projective in A-mod if and
only if its spectrum Â is paracompact. Hence (i) ⇐⇒ (ii). By [8, Proposition 12.7
and Lemma 12.9], (iii)⇐⇒ (vi). By [12, Proposition IV.2.10(I)], A is left projective
if and only if H2(A, X) = {0} for any right annihilator Banach A-bimodule X , and
so (i) ⇐⇒ (vii). 
Lemma 6.3. [20, Lemma 4.5] Let A be a commutative C∗-algebra contained in
B(H), where H is a separable Hilbert space. Then the spectrum Â of A satisfies the
Suslin condition.
Corollary 6.4. Let A be a commutative C∗-algebra contained in B(H), where H is
a separable Hilbert space. Then the conditions (i), (ii), (iii), (iv), (v), (vi) and (vii)
of Theorem 6.2 are equivalent.
Proof. It follows from Theorem 6.2 and Lemma 6.3. 
Lemma 6.5. [20, Lemma 4.2] Let Ω be a separable Hausdorff locally compact space.
Then the C∗-algebra C0(Ω) is contained in B(H) for some separable Hilbert space
H.
A Hausdorff topological space X is hereditarily paracompact if each of its sub-
spaces is paracompact. By Stone’s theorem, every metrizable topological space is
paracompact [9, 5.1.3], and so is hereditarily paracompact.
Example 6.6. There exists a nonseparable, hereditarily projective, commutative
C∗-algebra A contained in B(H), where H is a separable Hilbert space.
Proof. Let Ω be a compact Hausdorff space. Recall that the commutative C∗-algebra
C(Ω) is separable if and only if Ω is metrizable. By [11, Theorem 5] a commutative
C∗-algebra C(Ω) is hereditarily projective if and only if its spectrum Ω is heredi-
tarily paracompact. Therefore, by Lemma 6.5, it is enough to present a compact
Hausdorff compact space Ω which is separable and hereditarily paracompact, but
not metrizable. The topological space “two arrows of Alexandrov” satisfies these
conditions. To describe the space, consider two intervals X = [0, 1) and X ′ = (0, 1]
situated one above the other. Let X˜ = X ∪ X ′. A base for the topology of X˜
consists of all sets of the forms
U = [α, β) ∪ (α′, β ′) and V = (α, β) ∪ (α′, β ′],
where [α, β) ⊂ X , while (α′, β ′) is the projection of [α, β) on X ′; and (α′, β ′] ⊂ X ′,
while (α, β) is the projection of (α′, β ′] on X . There is a description of properties of
the topological space X˜ in [2, 3.2.87]. 
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Remark 6.7. Let Ω be σ-compact, and let A contain a strictly positive element.
Then C0(Ω,A) contains a strictly positive element. Let h be a strictly positive
element in A and f be a strictly positive element in C0(Ω). Then the element
a ∈ C0(Ω,A) such that a(t) = f(t)h, t ∈ Ω, is strictly positive.
Lemma 6.8. Let Ω be a Hausdorff locally compact space, and let A be a Banach
algebra with a bounded (say by C ≥ 1) approximate identity en, n = 1, 2, . . . . Then,
for every a ∈ C0(Ω,A), ‖a− aen‖C0(Ω,A) → 0 as n→∞.
Proof. Let ε > 0. Since a ∈ C0(Ω,A), there is a compact subset K ⊂ Ω such that
‖a(t)− a(t)en‖ < ε for all t ∈ Ω \K and all n.
The element a is continuous on Ω and so, for each t ∈ K, there is a neighbourhood
Ut of t such that ‖a(s)− a(t)‖ < ε3C for all s ∈ Ut. The subset K is compact, and
therefore one can find a finite family Uti , i = 1, . . . , m, such that K ⊂
⋃m
i=1 Uti .
By assumption, en, n = 1, 2, . . . is a bounded approximate identity of A. Thus,
for every ti, i = 1, . . . , m, there is Ni ∈ N such that ‖a(ti)− a(ti)en‖A < ε/3 for all
n ≥ Ni. Take N = max{N1, . . . , Nm}. Then, for every s ∈ K, s belongs to one of
Utk . Hence, for all n ≥ N ,
‖a(s)− a(s)en‖A ≤ ‖a(s)− a(tk)‖A + ‖a(tk)− a(tk)en‖A
+ ‖(a(tk)− a(s))en‖A
<
ε
3C
+
ε
3
+ C
ε
3C
< ε.
Thus ‖a− aen‖C0(Ω,A) = sups∈Ω ‖a(s)− a(s)en‖A → 0 as n→∞. 
Recall that, by [1, Theorem 1], a C∗-algebra A contains a strictly positive element
if and only if A has a countable increasing abelian approximate identity bounded by
one. Such C∗-algebras are called σ-unital. By [8, Proposition 12.7] any C∗-algebra
with a countable left approximate identity contains a strictly positive element. It
follows that the following theorem is contained in [19, Proof of Theorem 1]. We will
need the inequalities from Theorem 6.9 below.
Theorem 6.9. Let A be a C∗-algebra with a countable left approximate identity.
Then
(i) there is a countable increasing approximate identity un, n = 0, . . . , (u0 = 0)
bounded by one such that, for any a ∈ A, any sequence (ηi)i≥1 ⊂ C with |ηi| = 1
and any integers n,m such that m > n ≥ 0,
(6.2)
∥∥∥∥∥
m∑
i=n+1
ηi
√
ui − ui−1
∥∥∥∥∥
A
≤ 4,
(6.3)
∥∥∥∥∥a
m∑
i=n+1
ηi
√
ui − ui−1
∥∥∥∥∥
A
≤ 4‖a‖A
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and
(6.4)
∥∥∥∥∥a
m∑
i=n+1
ηi
√
ui − ui−1
∥∥∥∥∥
2
A
≤ 10 max
n≤i≤m
‖aui − a‖A‖a‖A + 1
22n−1
‖a‖2A;
(ii) the map
ρA : A → A⊗̂A : a 7→
∞∑
k=1
a
√
uk − uk−1 ⊗
√
uk − uk−1
is a morphism of left Banach A-modules such that πA ◦ ρ = idA and ‖ρ‖ ≤ 16, and
therefore A is left projective.
Proposition 6.10. Let Ω be a Hausdorff locally compact space, and let A be a C*-
algebra which contains a strictly positive element. Suppose that Ω is paracompact.
Then C0(Ω,A) is left projective.
Proof. By [11, Lemma 2.1], for any paracompact locally compact space Ω there
exists an open cover U by relatively compact sets such that each point in Ω has
a neighbourhood which intersects no more than three sets in U . By [17, Problem
5.W], since U = {Uµ}µ∈Λ is a locally finite open cover of the normal space Ω, it is
possible to select a non-negative continuous function gµ for each Uµ in U such that
gµ is 0 outside Uµ and is everywhere less than or equal to one, and∑
µ∈Λ
gµ(s) = 1 for all s ∈ Ω.
By assumption A has a strictly positive element and so has a countable increasing
approximate identity bounded by one. By Theorem 6.9, there is a countable in-
creasing approximate identity un, n = 0, . . . , bounded by one in A which satisfies
inequalities (6.2), (6.3) and (6.4).
For a ∈ C0(Ω,A), n ∈ N and λ ∈ N(Λ), define
ua,λ,n =
∑
µ∈λ
n∑
k=1
a
√
gµ
√
uk − uk−1 ⊗√gµ
√
uk − uk−1.
In Lemma 6.14 below we will prove in a more general case that, for any a ∈ C0(Ω,A),
the net ua,λ,n converges in C0(Ω,A)⊗̂C0(Ω,A). Let us define ρ : C0(Ω,A) →
C0(Ω,A)⊗̂C0(Ω,A) by setting, for every a ∈ C0(Ω,A),
ρ(a) = lim
λ
lim
n→∞
ua,λ,n.
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Thus, in view of the completeness of C0(Ω,A)⊗̂C0(Ω,A), the map ρ is well defined
and it is clear from the definition that ρ is a morphism of left Banach C0(Ω,A)-
modules and ‖ρ‖ ≤ 9× 16. By Lemma 6.8, for every a ∈ C0(Ω,A),
(πC0(Ω,A) ◦ ρ)(a) = lim
λ
lim
n→∞
(∑
µ∈λ
n∑
k=1
agµ (uk − uk−1)
)
= lim
λ
∑
µ∈λ
lim
n→∞
agµ un
= lim
λ
∑
µ∈λ
agµ = a.
Thus πC0(Ω,A) ◦ ρ = idC0(Ω,A). Therefore C0(Ω,A) is left projective. 
Furthermore we will need [12, Theorem II.2.44] in a more general form.
Lemma 6.11. Let E, F be Banach spaces. Suppose an element u ∈ E⊗̂F can be
presented as
u =
m∑
l=1
n∑
k=1
xµlk ⊗ yµlk ,
ξ is a primary m-th root of 1 and η is a primary n-th root of 1 in C. Then
‖u‖ ≤ 1
mn
m∑
l=1
n∑
k=1
∥∥∥∥∥
m∑
t=1
n∑
i=1
ξltηkixµti
∥∥∥∥∥
∥∥∥∥∥
m∑
s=1
n∑
j=1
ξ−lsη−kjyµsj
∥∥∥∥∥ .
Proof. We consider the following element v in E⊗̂F
v =
1
mn
m∑
l=1
n∑
k=1
(
m∑
t=1
n∑
i=1
ξltηkixµti
)
⊗
(
m∑
s=1
n∑
j=1
ξ−lsη−kjyµsj
)
.
By the definition of the norm in E⊗̂F ,
‖v‖ ≤ 1
mn
m∑
l=1
n∑
k=1
∥∥∥∥∥
m∑
t=1
n∑
i=1
ξltηkixµti
∥∥∥∥∥
∥∥∥∥∥
m∑
s=1
n∑
j=1
ξ−lsη−kjyµsj
∥∥∥∥∥ .
Note that
λts =
m∑
l=1
ξltξ−ls =
m∑
l=1
ξl(t−s) = mδts
and
γij =
n∑
k=1
ηkiη−kj =
n∑
k=1
ηk(i−j) = nδij
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where δts is the Kronecker symbol. Therefore, we have
v =
1
mn
m∑
l=1
n∑
k=1
(
m∑
t=1
n∑
i=1
ξltηkixµti
)
⊗
(
m∑
s=1
n∑
j=1
ξ−lsη−kjyµsj
)
=
m∑
t,s=1
1
m
λts
n∑
i,j=1
1
n
γij x
µt
i ⊗ yµsj
=
m∑
l=1
n∑
k=1
xµlk ⊗ yµlk = u.

Theorem 6.12. Let Ω be a Hausdorff locally compact space, let U = {Ω, Ax,Θ}
be a locally trivial continuous field of C∗-algebras where each Ax contains a strictly
positive element, let ℓ ∈ N, and let the C∗-algebra A be defined by U . Suppose Ω is
paracompact and one of the following conditions is satisfied:
(i) the topological dimension dimΩ of Ω is finite and no greater than ℓ, or
(ii) U is ℓ-locally trivial.
Then A is left projective.
Proof. (i) By assumption, U is locally trivial and so, for each s ∈ Ω, there is an open
neighbourhood Us of s such that U|Us is trivial. Since Ω is paracompact, the open
cover {Us}s∈Ω of Ω has an open locally finite refinement {Wν} that is also a cover
of Ω.
By [9, Theorem 5.1.5], paracompactness of Ω implies that Ω is a normal topological
space. By [9, Theorem 7.2.4], for the normal space Ω, the topological dimension
dimΩ ≤ ℓ implies that the locally finite open cover {Wν} of Ω possesses an open
locally finite refinement {Vµ}µ∈Λ of order ℓ that is also a cover of Ω.
Let φµ = (φµx)x∈Vµ be an isomorphism of U|Vµ onto the trivial continuous field of
C∗-algebras over Vµ where, for each x ∈ Ω, φµx is an isomorphism of C∗-algebras
Ax ∼= A˜µ.
By assumption A˜µ has a strictly positive element and so has a countable increas-
ing approximate identity bounded by one. By Theorem 6.9, there is a countable
increasing approximate identity uµn, n = 0, . . . , in A˜µ bounded by one which satisfies
inequalities (6.2), (6.3) and (6.4).
By [17, Problem 5.W], since {Vµ}µ∈Λ is a locally finite open cover of the normal
space Ω, it is possible to select a non-negative continuous function fµ for each Vµ in
{Vµ}µ∈Λ such that fµ is 0 outside Vµ and is everywhere less than or equal to one,
and ∑
µ∈Λ
fµ(s) = 1 for all s ∈ Ω.
Note that in the equality
∑
µ∈Λ fµ(s) = 1, for any s ∈ Ω, there are no more than ℓ
nonzero terms.
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Lemma 6.13. For any a ∈ A and for any λ = {µ1, . . . , µN},
(6.5)
∥∥∥∥∥
N∑
p=1
n˜∑
i=1
ξlpηkia
√
fµp (φ
µp)−1
(√
u
µp
i − uµpi−1
)∥∥∥∥∥
A
≤ 4ℓ max
1≤p≤N
∥∥∥a√fµp∥∥∥
A
and
(6.6)
∥∥∥∥∥
N∑
q=1
n˜∑
j=1
ξ−lqη−kj
√
fµq (φ
µq)−1
(√
u
µq
j − uµqj−1
)∥∥∥∥∥
A
≤ 4ℓ
where ξ is a primary N-th root of 1 and η is a primary n˜-th root of 1 in C, and∥∥∥∥∥
N∑
p=1
m∑
i=n+1
ξlpηkia
√
fµp (φ
µp)−1
(√
u
µp
i − uµpi−1
)∥∥∥∥∥
A
(6.7)
≤ ℓ max
1≤p≤N
(
10 max
n≤i≤m
∥∥∥φµp(a√fµp)uµpi − φµp(a√fµp)∥∥∥
C0(Vµp ,A˜µp)
∥∥∥a√fµp∥∥∥
A
(6.8)
+
1
22n−1
∥∥∥a√fµp∥∥∥2
A
)1/2
(6.9)
where ξ is a primary N-th root of 1 and η is a primary (m− n)-th root of 1 in C.
Proof. For any s ∈ Ω, there are no more than ℓ nonzero terms in the equality∑
µ∈Λ fµ(s) = 1. By Theorem 6.9, for every µ,∥∥∥∥∥
n˜∑
i=1
ηki
√
uµi − uµi−1
∥∥∥∥∥
A˜µ
≤ 4.
Hence we have∥∥∥∥∥
N∑
p=1
n˜∑
i=1
ξlpηkia
√
fµp (φ
µp)−1
(√
u
µp
i − uµpi−1
)∥∥∥∥∥
A
= sup
s∈Ω
∥∥∥∥∥
N∑
p=1
ξlpa(s)
√
fµp(s)
n˜∑
i=1
ηki(φµps )
−1
(√
u
µp
i − uµpi−1
)∥∥∥∥∥
As
≤ ℓ max
1≤p≤N
∥∥∥∥∥a√fµp
n˜∑
i=1
ηki(φµp)−1
(√
u
µp
i − uµpi−1
)∥∥∥∥∥
A
≤ 4ℓ max
1≤p≤N
∥∥∥a√fµp∥∥∥
A
.
Thus the inequalities (6.5) and (6.6) hold.
By Theorem 6.9, for every µ, every γi ∈ C with |γi| = 1, i ∈ N, and every b ∈ A˜µ,∥∥∥∥∥
m∑
i=n+1
γi b
√
uµi − uµi−1
∥∥∥∥∥
2
A˜µ
≤ 10 max
n≤i≤m
‖buµi − b‖A˜µ‖b‖A˜µ +
1
22n−1
‖b‖2
A˜µ
.
30 David Cushing and Zinaida A. Lykova
Therefore we have∥∥∥∥∥
N∑
p=1
m∑
i=n+1
ξlpηkia
√
fµp (φ
µp)−1
(√
u
µp
i − uµpi−1
)∥∥∥∥∥
A
= sup
s∈Ω
∥∥∥∥∥
N∑
p=1
m∑
i=n+1
ξlpηkia(s)
√
fµp(s) (φ
µp
s )
−1
(√
u
µp
i − uµpi−1
)∥∥∥∥∥
A
≤ ℓ max
1≤p≤N
∥∥∥∥∥
m∑
i=n+1
ηkia
√
fµp (φ
µp)−1
(√
u
µp
i − uµpi−1
)∥∥∥∥∥
A
= ℓ max
1≤p≤N
sup
s∈Ω
∥∥∥∥∥
m∑
i=n+1
ηkia(s)
√
fµp(s) (φ
µp
s )
−1
(√
u
µp
i − uµpi−1
)∥∥∥∥∥
As
≤ ℓ max
1≤p≤N
(
10 max
n≤i≤m
∥∥∥φµp(a√fµp)uµpi − φµp(a√fµp)∥∥∥
C0(Vµp ,A˜µp)
∥∥∥a√fµp∥∥∥
A
+
1
22n−1
∥∥∥a√fµp∥∥∥2
A
)1/2
.

For a ∈ A, n ∈ N and λ ∈ N(Λ), define an element ua,λ,n in A
ua,λ,n =
∑
µ∈λ
n∑
k=1
a
√
fµ (φ
µ)−1
(√
uµk − uµk−1
)
⊗√fµ (φµ)−1 (√uµk − uµk−1) .
Define N(Λ)×N as a directed set with (λ′, n) 4 (λ′′, m) if and only if λ′ ⊂ λ′′ and
n ≤ m.
Lemma 6.14. For any a ∈ A, the net ua,λ,n converges in A⊗̂A.
Proof. Note that any compact K ⊂ Ω intersects only a finite number of sets in the
locally finite covering {Vµ} and, for any a ∈ A, ‖a(t)‖ → 0 as t → ∞. Let ε > 0.
There is a finite set λ ∈ N(Λ) such that for µ 6∈ λ we have∥∥∥a√fµp∥∥∥
A
<
ε
48ℓ2
.
For λ 4 λ′, λ′′ and m ≥ n, we have
‖ua,λ′′,m − ua,λ′,n‖A⊗̂A = ‖ua,λ′′\λ,m + ua,λ,m − ua,λ′\λ,n − ua,λ,n‖A⊗̂A
≤ ‖ua,λ′′\λ,m‖A⊗̂A + ‖ua,λ′\λ,n‖A⊗̂A + ‖ua,λ,m − ua,λ,n‖A⊗̂A.
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By Lemma 6.11, for λ˜ = {µ1, . . . , µm},
‖ua,λ˜,n˜‖ =
∥∥∥∥∥∥
∑
µ∈λ˜
n˜∑
k=1
a
√
fµ (φ
µ)−1
(√
uµk − uµk−1
)
⊗√fµ (φµ)−1 (√uµk − uµk−1)
∥∥∥∥∥∥
≤ 1
mn˜
m∑
l=1
n˜∑
k=1
∥∥∥∥∥
m∑
p=1
n˜∑
i=1
ξlpηkia
√
fµp (φ
µp)−1
(√
u
µp
i − uµpi−1
)∥∥∥∥∥
×
∥∥∥∥∥
m∑
q=1
n˜∑
j=1
ξ−lqη−kj
√
fµq (φ
µq)−1
(√
u
µq
j − uµqj−1
)∥∥∥∥∥
where ξ is a primary m-th root of 1 and η is a primary n˜-th root of 1 in C. By
inequalities (6.5) and (6.6) from Lemma 6.13,
‖ua,λ′′\λ,m‖A⊗̂A ≤ (4ℓ)2max
µ6∈λ
∥∥∥a√fµ∥∥∥
A
≤ ε
3
and
‖ua,λ′\λ,n‖A⊗̂A ≤ (4ℓ)2max
µ6∈λ
∥∥∥a√fµ∥∥∥
A
≤ ε
3
.
By inequality (6.7) from Lemma 6.13, for λ = {µ1, . . . , µN},
‖ua,λ,m − ua,λ,n‖A⊗̂A
≤ 4ℓ2 max
1≤p≤N
(
10 max
n≤i≤m
∥∥∥φµp(a√fµp)uµpi − φµp(a√fµp)∥∥∥
C0(Vµp ,A˜µp)
∥∥∥a√fµp∥∥∥
A
+
1
22n−1
∥∥∥a√fµp∥∥∥2
A
)1/2
.
By Lemma 6.8, for every µ,∥∥∥φµ(a√fµ)uµi − φµ(a√fµ)∥∥∥
C0(Vµ,A˜µ)
→ 0 as i→∞.
Hence
‖ua,λ,m − ua,λ,n‖A⊗̂A → 0 as n,m→∞.
Thus, in view of the completeness of A⊗̂A, for any a ∈ A, the net ua,λ,n converges
in A⊗̂A. 
Now let us complete the proof of Theorem 6.12. Let us define ρ : A → A⊗̂A by
setting, for every a ∈ A,
ρ(a) = lim
λ
lim
n→∞
(∑
µ∈λ
n∑
k=1
a
√
fµ (φ
µ)−1
(√
uµk − uµk−1
)
⊗√fµ (φµ)−1 (√uµk − uµk−1)
)
.
By Lemma 6.14, for any a ∈ A, the net ua,λ,n converges in A⊗̂A. It is easy to
see that the map ρ is well defined, ρ is a morphism of left Banach A-modules and
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‖ρ‖ ≤ (4ℓ)2. By Lemma 6.8, for every a ∈ A,
(πA ◦ ρ)(a) = lim
λ
lim
n→∞
(∑
µ∈λ
n∑
k=1
afµ (φ
µ)−1
(
uµk − uµk−1
))
= lim
λ
∑
µ∈λ
lim
n→∞
afµ (φ
µ)−1 (uµn)
= lim
λ
∑
µ∈λ
afµ = a.
Thus πA ◦ ρ = idA.
(ii) By Definition 4.3, there is an open cover {Wα}, α ∈ M, of Ω such that
each U|Wα is trivial and, in addition, there is an open cover {Bj} of cardinality
ℓ of Ω such that Bj ⊂ Wα(j) for each j = 1, . . . , ℓ, and some α(j) ∈ M. By
[11, Lemma 2.1], for any paracompact locally compact space Ω there exists an
open cover U = {Uν} of relatively compact sets such that each point in Ω has a
neighbourhood which intersects no more than three sets in U . Consider an open
cover {Bj ∩Uν : Uν ∈ U , j = 1, . . . , ℓ} of Ω. Denote this cover by {Vµ}. It is easy to
see that {Vµ} is an open locally finite cover of Ω of order 3ℓ. The rest of the proof
of Part (ii) is similar to Part (i). 
Theorem 6.15. Let Ω be a Hausdorff locally compact space with the topological
dimension dimΩ ≤ ℓ, for some ℓ ∈ N, let U = {Ω, Ax,Θ} be a locally trivial
continuous field of C∗-algebras with strictly positive elements, and let the C∗-algebra
A be defined by U . Then the following conditions (i) and (ii) are equivalent:
(i) Ω is paracompact;
(ii) A is left projective and U is a disjoint union of σ-locally trivial continuous fields
of C∗-algebras with strictly positive elements.
Moreover (i) or (ii) implies
(iii) H2(A, X) = {0} for any right annihilator Banach A-bimodule X.
Proof. By Theorem 6.12, the fact that Ω is paracompact with the topological di-
mension dimΩ ≤ ℓ implies left projectivity of A. By Remark 4.6, since Ω is para-
compact, U is a disjoint union of σ-locally trivial continuous fields of C∗-algebras.
By Theorem 4.7, conditions (ii) implies paracompactness of Ω. Thus (i) ⇐⇒ (ii).
By [12, Proposition IV.2.10(I)], A is left projective if and only if H2(A, X) = {0}
for any right annihilator Banach A-bimodule X and so (ii) =⇒ (iii). 
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